Hom-dendriform algebras and Rota-Baxter Hom-algebras by Makhlouf, Abdenacer
ar
X
iv
:1
10
1.
04
35
v1
  [
ma
th.
RA
]  
2 J
an
 20
11
HOM-DENDRIFORM ALGEBRAS AND ROTA-BAXTER HOM-ALGEBRAS
ABDENACER MAKHLOUF
Abstract. The aim of this paper is to introduce and study Rota-Baxter Hom-algebras. Moreover we
introduce a generalization of the dendriform algebras and tridendriform algebras by twisting the identities
by mean of a linear map. Then we explore the connections between these categories of Hom-algebras.
Introduction
The study of nonassociative algebras was originally motivated by certain problems in physics and other
branches of mathematics. The Hom-algebra structures arose first in quasi-deformation of Lie algebras of
vector fields. Discrete modifications of vector fields via twisted derivations lead to Hom-Lie and quasi-
Hom-Lie structures in which the Jacobi condition is twisted. The first examples of q-deformations, in
which the derivations are replaced by σ-derivations, concerned the Witt and Virasoro algebras, see for
example [1, 13, 14, 15, 16, 17, 18, 40, 44, 38]. A general study and construction of Hom-Lie algebras
are considered in [35, 41, 42] and a more general framework bordering color and super Lie algebras was
introduced in [35, 41, 42, 43]. In the subclass of Hom-Lie algebras skew-symmetry is untwisted, whereas
the Jacobi identity is twisted by a single linear map and contains three terms as in Lie algebras, reducing
to ordinary Lie algebras when the twisting linear map is the identity map.
The notion of Hom-associative algebras generalizing associative algebras to a situation where associativity
law is twisted by a linear map was introduced in [50], it turns out that the commutator bracket multipli-
cation defined using the multiplication in a Hom-associative algebra leads naturally to Hom-Lie algebras.
This provided a different way of constructing Hom-Lie algebras. Also in [50], the Hom-Lie-admissible
algebras and more general G-Hom-associative algebras with subclasses of Hom-Vinberg and Hom-preLie
algebras, generalizing to the twisted situation Lie-admissible algebras, G-associative algebras, Vinberg
and preLie algebras respectively are introduced and it is shown that for these classes of algebras the
operation of taking commutator leads to Hom-Lie algebras as well. The enveloping algebras of Hom-
Lie algebras were discussed in [60]. The fundamentals of the formal deformation theory and associated
cohomology structures for Hom-Lie algebras have been considered initially in [52] and completed in [4].
Simultaneously, in [61] elements of homology for Hom-Lie algebras have been developed. In [51] and [53],
the theory of Hom-coalgebras and related structures are developed. Further development could be found
in [27, 54, 55, 5, 7, 54, 12, 39, 63].
Dendriform algebras were introduced by Loday in [46]. Dendriform algebras are algebras with two
operations, which dichotomize the notion of associative algebra. The motivation to introduce these
algebraic structures with two generating operations comes from K-theory. It turned out later that
they are connected to several areas in mathematics and physics, including Hopf algebras, homotopy
Gerstenhaber algebra, operads, homology, combinatorics and quantum field theory where they occur in
the theory of renormalization of Connes and Kreimer. Later the notion of tridendriform algebra were
introduced by Loday and Ronco in their study of polytopes and Koszul duality, see [47]. A tridendriform
algebra is a vector space equipped with 3 binary operations satisfying seven relations.
The Rota-Baxter operator has appeared in a wide range of areas in pure and applied mathematics. The
paradigmatic example of Rota-Baxter operator concerns the integration by parts formula of continuous
functions. The algebraic formulation of Rota-Baxter algebra appeared first in G. Baxter’s works in
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probability study of fluctuation theory. This algebra was intensively studied by G.C. Rota in connection
with combinatorics. Another connection with Rota-Baxter algebra with mathematical physics was found
by A. Connes and D. Kreimer in their Hopf algebra approach to renormalization of quantum field theory.
This seminal work gives rise to an important development including Rota-Baxter algebras and their
connections to other algebraic structure (see [2, 3, 20, 21, 23, 24, 25, 26, 30, 31, 33, 34, 36]).
The purpose of this paper is to study Rota-Baxter Hom-algebras. We introduce Hom-dendriform and
Hom-tridendriform algebras and then explore the connections between all these categories of Hom-
algebras. We summarize in the first section the basis of Hom-algebras and recall the definitions and
some properties of Hom-associative, Hom-Lie and Hom-preLie algebras. In Section 2, we introduce the
notions of Hom-dendriform algebras and Hom-tridendriform algebras and provide constructions of these
algebras and their relationships with Hom-preLie algebras. Section 3 is dedicated to Hom-associative
Rota-Baxter algebras, we extend the classical notion of associative Rota-Baxter algebra and show some
constructions. In Section 4 we establish functors between the category of Hom-associative Rota-Baxter
algebras and the categories of Hom-preLie, Hom-dendriform and Hom-tridendriform algebras. In Section
5 we discuss the Rota-Baxter operator in the context of Hom-nonassociative algebras mainly for Hom-Lie
algebras.
1. Hom-associative, Hom-Lie and Hom-preLie algebras
In this section we summarize the definitions and some properties of Hom-associative, Hom-Lie and Hom-
preLie algebraic structures (see [50]) generalizing the well known associative, Lie and preLie algebras by
twisting the identities with a linear map.
Throughout the article we let K be an algebraically closed field of characteristic 0. We mean by a Hom-
algebra a triple (A, µ, α) consisting of a vector space A on which µ : A × A → A is a bilinear map (or
µ : A ⊗ A → A is a linear map) and a α : A → A is linear map. A Hom-algebra (A, µ, α) is said to be
multiplicative if ∀x, y ∈ A we have α([x, y]) = [α(x), α(y)].
Let (A, µ, α) and A′ = (A′, µ′, α′) be two Hom-algebras of a given type. A linear map f : A → A′ is a
morphism of Hom-algebras if
µ′ ◦ (f ⊗ f) = f ◦ µ and f ◦ α = α′ ◦ f.
In particular, Hom-algebras (A, µ, α) and (A, µ′, α′) are isomorphic if there exists a bijective linear map
f such thatµ = f−1 ◦ µ′ ◦ (f ⊗ f) and α = f−1 ◦ α′ ◦ f.
A subspace H of A is said to be a subalgebra if for x, y ∈ H we have µ(x, y) ∈ H and α(x) ∈ H. A
subspace I of A is said to be an ideal if for x ∈ I and y ∈ A we have µ(x, y) ∈ I and α(x) ∈ I.
In all the examples involving the unspecified products are either given by skewsymmetry or equal to zero.
1.1. Hom-associative algebras. The Hom-associative algebras were introduced by the author and
Silvestrov in [50].
Definition 1.1 (Hom-associative algebra). A Hom-associative algebra is a triple (A, ·, α) consisting of a
vector space A on which · : A⊗A→ A and α : A→ A are linear maps, satisfying
(1.1) α(x) · (y · z) = (x · y) · α(z).
Example 1.2. Let {x1, x2, x3} be a basis of a 3-dimensional linear space A over K. The following
multiplication · and linear map α on A define Hom-associative algebras over K3:
x1 · x1 = a x1,
x1 · x2 = x2 · x1 = a x2,
x1 · x3 = x3 · x1 = b x3,
x2 · x2 = a x2,
x2 · x3 = b x3,
x3 · x2 = x3 · x3 = 0,
α(x1) = a x1, α(x2) = a x2, α(x3) = b x3,
where a, b are parameters in K. The algebras are not associative when a 6= b and b 6= 0, since
(x1 · x1) · x3 − x1 · (x1 · x3) = (a− b)bx3.
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Example 1.3 (Polynomial Hom-associative algebra [62]). Consider the polynomial algebra A = K[x1, · · ·xn]
in n variables. Let α be an algebra endomorphism of A which is uniquely determined by the n polynomials
α(xi) =
∑
λi;r1,··· ,rnx
r1
1 , · · ·x
rn
n for 1 ≤ i ≤ n. Define µ by
(1.2) µ(f, g) = f(α(x1), · · ·α(xn))g(α(x1), · · ·α(xn))
for f, g in A. Then, (A, µ, α) is a Hom-associative algebra.
Example 1.4 ([63]). Let A = (A, µ, α) be a Hom-associative algebra. Then (Mn(A), µ
′, α′), where
Mn(A) is the vector space of n× n matrix with entries in A, is also a Hom-associative algebra in which
the multiplication µ′ is given by matrix multiplication and µ, and α′ is given by α in each entry.
1.2. Hom-Lie algebras. The notion of Hom-Lie algebra was introduced by Hartwig, Larsson and Sil-
vestrov in [35, 41, 42] motivated initially by examples of deformed Lie algebras coming from twisted
discretizations of vector fields. In this article, we follow notations and a slightly more general definition
of Hom-Lie algebras from [50].
Definition 1.5 (Hom-Lie algebra). A Hom-Lie algebra is a triple (g, [ , ], α) consisting of a vector space
g on which [ , ] : g× g→ g is a bilinear map and α : g→ g a linear map satisfying
[x, y] = −[y, x], (skew-symmetry)(1.3)
	x,y,z [α(x), [y, z]] = 0 (Hom-Jacobi condition)(1.4)
for all x, y, z in g, where 	x,y,z denotes summation over the cyclic permutation on x, y, z.
We recover classical Lie algebras when α = idg and the identity (1.4) is the Jacobi identity in this case.
Example 1.6. Let {x1, x2, x3} be a basis of a 3-dimensional vector space g over K. The following bracket
and linear map α on g = K3 define a Hom-Lie algebra over K:
[x1, x2] = ax1 + bx3
[x1, x3] = cx2
[x2, x3] = dx1 + 2ax3,
α(x1) = x1
α(x2) = 2x2
α(x3) = 2x3
with [x2, x1], [x3, x1] and [x3, x2] defined via skewsymmetry. It is not a Lie algebra if a 6= 0 and c 6= 0,
since
[x1, [x2, x3]] + [x3, [x1, x2]] + [x2, [x3, x1]] = acx2.
Example 1.7 (Jackson sl2). The Jackson sl2 is a q-deformation of the classical sl2. This family of Hom-
Lie algebras was constructed in [43] using a quasi-deformation scheme based on discretizing by means of
Jackson q-derivations a representation of sl2(K) by one-dimensional vector fields (first order ordinary
differential operators) and using the twisted commutator bracket defined in [35]. It carries a Hom-Lie
algebra structure but not a Lie algebra structure. It is defined with respect to a basis {x1, x2, x3} by the
brackets and a linear map α such that
[x1, x2] = −2qx2
[x1, x3] = 2x3
[x2, x3] = −
1
2 (1 + q)x1,
α(x1) = qx1
α(x2) = q
2x2
α(x3) = qx3
where q is a parameter in K. if q = 1 we recover the classical sl2.
There is a functor from the category of Hom-associative algebras in the category of Hom-Lie algebras. It
provides a different way for constructing Hom-Lie algebras by extending the fundamental construction
of Lie algebras by associative algebras via commutator bracket.
Proposition 1.8 ([50]). Let (A, ·, α) be a Hom-associative algebra defined on the vector space A by the
multiplication · and a homomorphism α. Then the triple (A, [ , ], α), where the bracket is defined for
x, y ∈ A by [x, y] = x · y − y · x, is a Hom-Lie algebra.
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1.3. Hom-preLie algebras. The Hom-preLie algebras were introduced in [50] in the study of Hom-Lie
admissible algebras.
Definition 1.9 (Hom-preLie algebras,). A left Hom-preLie algebra (resp. right Hom-preLie algebra) is
a triple (A, ·, α) consisting of a vector space A, a bilinear map · : A × A → A and a homomorphism α
satisfying
(1.5) α(x) · (y, z)− (x · y) · z = α(y) · (x · z)− (y · x) · α(z),
resp.
(1.6) α(x) · (y, z)− (x · y) · α(z) = α(x) · (z · y)− (x · z) · α(y).
Remark 1.10. Any Hom-associative algebra is a Hom-preLie algebras.
A left Hom-preLie algebra is the opposite algebra of the right Hom-preLie algebra. Both left and right
Hom-preLie algebras are Hom-Lie-admissible algebras, that is the commutators define Hom-Lie algebras,
see [50].
2. Hom-dendriform algebras and Hom-Tridendriform algebras
In this section, we introduce the notions of Hom-dendriform algebras and Hom-tridendriform algebras
generalizing the classical dendriform and tridendriform algebras to Hom-algebras setting.
2.1. Hom-dendriform algebras. Dendriform algebras were introduced by Loday in [46]. Dendriform
algebras are algebras with two operations, which dichotomize the notion of associative algebra. We
generalize now this notion by twisting the identities by a linear map.
Definition 2.1 (Hom-dendriform algebra). A Hom-dendriform algebra is a quadruple (A,≺,≻, α) con-
sisting of a vector space A on which the operations ≺,≻: A ⊗ A → g and α : A → A are linear maps
satisfying
(x ≺ y) ≺ α(z) = α(x) ≺ (y ≺ z + y ≻ z),(2.1)
(x ≻ y) ≺ α(z) = α(x) ≻ (y ≺ z),(2.2)
α(x) ≻ (y ≻ z) = (x ≺ y + x ≻ y) ≻ α(z).(2.3)
for x, y, z in A.
We recover classical dendriform algebra when α = id.
Let (A,≺,≻, α) and (A′,≺′,≻′, α′) be two Hom-dendriform algebras. A linear map f : A → A′ is a
Hom-dendriform algebras morphism if
≺′ ◦(f ⊗ f) = f◦ ≺, ≻′ ◦(f ⊗ f) = f◦ ≻ and f ◦ α = α′ ◦ f.
We show now that we may construct Hom-dendriform algebras starting from a classical dendriform
algebra and an algebra endomorphism. We extend then the construction by composition introduced by
Yau in [61] for Lie and associative algebras.
Theorem 2.2. Let (A,≺,≻) be a dendriform algebra and α : A → A be an dendriform algebra endo-
morphism. Then Aα = (A,≺α,≻α, α), where ≺α= α◦ ≺ and ≻α= α◦ ≻, is a Hom-dendriform algebra.
Moreover, suppose that (A′,≺′,≻′) is another dendriform algebra and α′ : A′ → A′ is a dendriform
algebra endomorphism. If f : A→ A′ is a dendriform algebra morphism that satisfies f ◦α = α′ ◦ f then
f : (A,≺α,≻α, α) −→ (A
′,≺′α,≻
′
α, α
′)
is a morphism of Hom-dendriform algebras.
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Proof. Observe that
(x ≺α y) ≺α α(z) = α
2((x ≺ y) ≺ z),
(x ≺α y) ≻α α(z) = α
2((x ≺ y) ≻ z),
(x ≻α y) ≻α α(z) = α
2((x ≻ y) ≻ z),
(x ≻α y) ≺α α(z) = α
2((x ≻ y) ≺ z).
And similarly
α(x) ≺α (y ≺α z) = α
2(x ≺ (y ≺ z)),
α(x) ≺α (y ≻α z) = α
2(x ≺ (y ≻ z)),
α(x) ≻α (y ≻α z) = α
2(x ≻ (y ≻ z)),
α(x) ≻α (y ≺α z) = α
2(x ≻ (y ≺ z)).
Therefore the identities (2.1),(2.2),(2.3) follow obviously from the identities satisfied by (A,≺,≻). The
second assertion is proved similarly. 
In the classical case the commutative dendriform algebras are also called Zinbiel algebras (see [45, 46]).
The left and right operations are further required to identify, x ≺ y = y ≻ x. We call commutative
Hom-dendriform algebras Hom-Zinbiel algebras.
Definition 2.3 (Hom-Zinbiel algebra). A Hom-Zinbiel algebra is a triple (A, ◦, α) consisting of a vector
space A on which ◦ : A⊗A→ A and α : A→ A are linear maps satisfying
(x ◦ y) ◦ α(z) = α(x) ◦ (y ◦ z) + α(x) ◦ (z ◦ y).(2.4)
for x, y, z in A.
Remark 2.4. One may construct Hom-Zinbiel algebra by composition method starting from a classical
Zinbiel algebra (A, ◦) and an algebra endomorphism α by considering (A, ◦α, α), where x ◦α y = α(x ◦ y).
We show now that Hom-dendriform algebra structure dichotomize the Hom-associative structure and
provide a connection to Hom-preLie algebras.
Proposition 2.5. Let (A,≺,≻, α) be a Hom-dendriform algebra. Let ⋆ : A ⊗ A → A be a linear map
defined for x, y ∈ A by
(2.5) x ⋆ y = x ≺ y + x ≻ y.
Then (A, ⋆, α) is a Hom-associative algebra.
Proof. For x, y ∈ A we have
α(x) ⋆ (y ⋆ z) = α(x) ⋆ (y ≺ z + y ≻ z),
= α(x) ≺ (y ≺ z + y ≻ z) + α(x) ≻ (y ≺ z + y ≻ z),
= (x ≺ y) ≺ α(z) + α(x) ≻ (y ≺ z) + α(x) ≻ (y ≻ z),
= (x ≺ y) ≺ α(z) + (x ≻ y) ≺ α(z) + (x ≺ y + x ≻ y) ≻ α(z),
= (x ≺ y + x ≻ y) ≺ α(z) + (x ≺ y + x ≻ y) ≻ α(z),
= (x ⋆ y) ≺ α(z) + (x ⋆ y) ≻ α(z),
= (x ⋆ y) ⋆ α(z).

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Proposition 2.6. Let (A,≺,≻, α) be a Hom-dendriform algebra. Let ⊳ : A⊗A→ A and ⊲ : A⊗A→ A
be linear maps defined for x, y ∈ A by
(2.6) x⊲ y = x ≻ y − y ≺ x and x⊳ y = x ≺ y − y ≻ x.
Then (A,⊲, α) is a left Hom-preLie algebra and (A,⊳, α) is a right Hom-preLie algebra.
Proof. For x, y ∈ A we have
α(x) ⊲ (y ⊲ z) = α(x) ⊲ (y ≻ z − z ≺ y),
= α(x) ≻ (y ≻ z)− α(x) ≻ (z ≺ y)− (y ≻ z) ≺ α(x) + (z ≺ y) ≺ α(x).
and
(x⊲ y)⊲ α(z) = (x ≻ y − y ≺ x)⊲ α(z),
= (x ≻ y) ≻ α(z)− (y ≺ x) ≻ α(z)− α(z) ≺ (x ≻ y) + α(z) ≺ (y ≺ x).
Using (2.1) and (2.3), we may write
α(x) ⊲ (y ⊲ z) = (x ≺ y) ≻ α(z) + (x ≻ y) ≻ α(z)− α(x) ≻ (z ≺ y)
− (y ≻ z) ≺ α(x) + α(z) ≺ (y ≺ x) + α(z) ≺ (y ≻ x).
Direct simplification and identity (2.1) lead to
α(x) ⊲ (y ⊲ z)− (x ⊲ y)⊲ α(z)− α(y)⊲ (x⊲ z + (y ⊲ x)⊲ α(z) = 0.
Similar proof shows the right Hom-preLie structure. 
Remark 2.7. If (A,≺,≻, α) is a commutative Hom-Dendriform algebra then the corresponding left and
right Hom-preLie algebras vanish.
2.2. Hom-tridendriform algebras. The notion of tridendriform algebra were introduced by Loday
and Ronco in [47]. A tridendriform algebra is a vector space equipped with 3 binary operations <,> ·
satisfying seven relations. We extend this notion to Hom situation as follows:
Definition 2.8 (Hom-Tridendriform algebra). A Hom-tridendriform algebra is a quintuple (A,≺,≻, ·, α)
consisting of a vector space A on which the operations ≺,≻, · : A ⊗ A → A and α : A → A are linear
maps satisfying
(x ≺ y) ≺ α(z) = α(x) ≺ (y ≺ z + y ≻ z + y · z),(2.7)
(x ≻ y) ≺ α(z) = α(x) ≻ (y ≺ z),(2.8)
α(x) ≻ (y ≻ z) = (x ≺ y + x ≻ y + x · y) ≻ α(z),(2.9)
(x ≺ y) · α(z) = α(x) · (y ≻ z),(2.10)
(x ≻ y) · α(z) = α(x) ≻ (y · z),(2.11)
(x · y) ≺ α(z) = α(x) · (y ≺ z),(2.12)
(x · y) · α(z) = α(x) · (y · z),(2.13)
(2.14)
for x, y, z in A.
We recover classical tridendriform algebra when α = id.
Remark 2.9. Any Hom-tridendriform algebra gives a Hom-dendriform algebra by setting x ·y = 0 for any
x, y ∈ A.
As in Theorem 2.2, Given a classical tridendriform algebra and an algebra endomorphism we may con-
struct by composition a Hom-tridendriform algebra.
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Proposition 2.10. Let (A,≺,≻, ·) be a tridendriform algebra and α : A → A be an tridendriform
algebra endomorphism. Then Aα = (A,≺α,≻α, ·α, α), where ≺α= α◦ ≺, ≻α= α◦ ≻ and ·α = α ◦ ·, is a
Hom-tridendriform algebra.
Moreover, suppose that (A′,≺′,≻′, ·′) is another tridendriform algebra and α′ : A′ → A′ is a tridendriform
algebra endomorphism. If f : A → A′ is a tridendriform algebra morphism that satisfies f ◦ α = α′ ◦ f
then
f : (A,≺α,≻α, ·α, α) −→ (A
′,≺′α,≻
′
α, ·
′
αα
′)
is a morphism of Hom-tridendriform algebras.
Similarly as in [20], we obtain in the Hom-algebras setting the following new operation:
Proposition 2.11. Let (A,≺,≻, ·, α) be a Hom-tridendriform algebra and ∗ : A⊗A→ A be an operation
defined by x ∗ y = x ≺ y + x ≻ y + x · y. Then (A, ∗, α) is a Hom-associative algebra.
Proof. Using the axioms of Hom-tridendriform algebras we have for x, y ∈ A
α(x) ∗ (y ∗ z) = α(x) ∗ (y ≺ z + y ≻ z + y · z),
= α(x) < (y ≺ z + y ≻ z + y · z) + α(x) > (y ≺ z + y ≻ z + y · z)
+ α(x) · (y ≺ z + y ≻ z + y · z),
= (x < y) < α(z) + (x > y) < α(z) + (x < y + x > y + x · y) > α(z)
+ (x > y) · α(z) + (x · y) < α(z) + (x < y) · α(z) + (x · y) · α(z),
= (x < y + x > y + x · y) < α(z) + (x < y + x > y + x · y) > α(z)
+ (x < y + x > y + x · y) · α(z)
= (x ∗ y) ∗ α(z).

3. Rota-Baxter operators and Hom-associative algebras
We extend in this section the notion of Rota-Baxter algebra to Hom-associatiative algebras.
Definition 3.1. A Hom-associative Rota-Baxter algebra is a Hom-associative algebra (A, ·, α) endowed
with a linear map R : A→ A subject to the relation
(3.1) R(x) · R(y) = R(R(x) · y + x · R(y) + θx · y),
where θ ∈ K.
The map R is called Rota-Baxter operator of weight θ and the identity (3.1) Rota-Baxter identity. We
denote the Hom-associative Rota-Baxter algebra by a quadruple (A, ·, α,R). We recover classical Rota-
Baxter associative algebras when α = id and we denote them by triples (A, ·, R).
Remark 3.2. Let (A, ·, α,R) be a Hom-associative Rota-Baxter algebra, whereR is a Rota-Baxter operator
of weight θ. Then (A, ·, α, θid − R) is a Hom-associative Rota-Baxter algebra. Indeed, the proof is
straightforward and does not use the Hom-associativity of the algebra.
In the following we provide some constructions of Rota-Baxter Hom-algebras starting from classical
Rota-Baxter algebra. Also we construct new Rota-Baxter Hom-algebras from a given Rota-Baxter Hom-
algebra. These constructions extend to Rota-Baxter Hom-algebras the composition method, nth derived
Hom-algebra construction and a construction involving elements of the centroid.
Theorem 3.3. Let (A, ·, R) be an associative Rota-Baxter algebra and α : A→ A be an algebra endomor-
phism commuting with R. Then (A, ·α, α,R), where x ·α y = α(x · y), is a Hom-associative Rota-Baxter
algebra.
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Proof. The Hom-associative structure of the algebra follows from Yau’s Theorem in [61].
Now we check that R is still a Rota-Baxter operator for the Hom-associative algebra.
R(x) ·α R(y) = α(R(x) · R(y)),
= α(R(R(x) · y + x ·R(y) + θx · y)),
= α(R(R(x) · y)) + α(R(x ·R(y))) + α(R(θx · y))).
Since α and R commute then
R(x) ·α R(y) = R(α(R(x) · y)) +R(α(x ·R(y))) +R(α(θx · y))),
= R(R(x) ·α y + x ·α R(y) + θxα · y)).

More generally, given a Hom-associative Rota-Baxter algebra (A, µ, α,R), one may ask whether this Hom-
associative Rota-Baxter algebra is induced by an ordinary associative Rota-Baxter algebra (A, µ˜, R), that
is α is an algebra endomorphism with respect to µ˜ and µ = α ◦ µ˜.
Let (A, µ, α) be a multiplicative Hom-associative algebra. It was observed in [29] that in case α is invert-
ible, the composition method using α−1 leads to an associative algebra. If α is an algebra endomorphism
with respect to µ˜ then α is also an algebra endomorphism with respect to µ. Indeed,
µ(α(x), α(y)) = α ◦ µ˜(α(x), α(y)) = α ◦ α ◦ µ˜(x, y) = α ◦ µ(x, y).
If α is bijective then α−1 is also an algebra automorphism. Therefore one may use an untwist operation
on the Hom-associative algebra in order to recover the associative algebra (µ˜ = α−1 ◦ µ).
Proposition 3.4. Let (A, µ, α,R) be a multiplicative Hom-associative Rota-Baxter algebra where α is
invertible and such that α and R commute. Then (A, µα−1 = α
−1◦µ,R) is a Hom-associative Rota-Baxter
algebra.
Proof. The associativity condition follows from
0 = α−2µ(α(x), µ(y, z)) − µ(µ(x, y), α(z)),
= α−1µ(x, α−1µ(y, z))− α−1µ(α−1µ(x, y), z),
= µα−1(x, µα−1(y, z))− µα−1(µα−1(x, y), z).
Since α and R commute then α−1 and R commute as well. Hence R is a Rota-Baxter operator for the
new multiplication. 
We may also derive new Hom-associative algebras from a given multiplicative Hom-associative algebra
using the following procedure. We split the definition given in [67] into two types of nth derived Hom-
algebras.
Definition 3.5 ([67]). Let (A, µ, α) be a multiplicative Hom-algebra and n ≥ 0. The nth derived
Hom-algebra of type 1 of A is defined by
(3.2) An =
(
A, µ(n) = αn ◦ µ, αn+1
)
,
and the nth derived Hom-algebra of type 2 of A is defined by
(3.3) An =
(
A, µ(n) = α2
n
−1 ◦ µ, α2
n
)
.
Note that in both cases A0 = A and A1 =
(
A, µ(1) = α ◦ µ, α2
)
.
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Observe that for n ≥ 1 and x, y, z ∈ A we have
µ(n)(µ(n)(x, y), αn+1(z)) = αn ◦ µ(αn ◦ µ(x, y), αn+1(z))
= α2n ◦ µ(µ(x, y), α(z)).
Therefore, following [67], one obtains the following result.
Theorem 3.6. Let (A, µ, α,R) be a multiplicative Hom-associative Rota-Baxter algebra such that α and
R commute.Then the nth derived Hom-algebra of type 1 is also a Hom-associative Rota-Baxter algebra.
Proof. The operator R is a Rota-Baxter operator for the new multiplication since
αn(µ(R(x), R(y))) = αn(R(µ(x,R(y))) +R(µ(R(x), y)) + θR(µ(x, y))).

In the following we construct Hom-associative Rota-Baxter algebras involving elements of the centroid of
associative Rota-Baxter algebras. The construction of Hom-algebras using elements of the centroid was
initiated in [10] for Lie algebras.
Let (A, ·) be an associative algebra. An endomorphism α ∈ End(A) is said to be an element of the
centroid if α(x · y) = α(x) · y = x · α(y) for any x, y ∈ A. The centroid of A is defined by
Cent(A) = {α ∈ End(A) : α(x · y) = α(x) · y = x · α(y), ∀x, y ∈ A}.
The same definition of the centroid is assumed for Hom-associative algebras.
Proposition 3.7. Let (A, µ,R) be an associative Rota-Baxter algebra where R is a Rota-Baxter operator
of weight θ. Let α ∈ Cent(A) and set for x, y ∈ A
µ1α(x, y) = µ(α(x), y) and µ
2
α(x, y) = µ(α(x), α(y)).
Assume that α and R commute. Then (A, µ1α, α,R) and (A, µ
2
α, α,R) are Hom-associative Rota-Baxter
algebras.
Proof. Observe that
µ1α(α(x), µ
1
α(y, z)) = µ(α
2(x), µ(α(y), z)) = µ(α2(x), αµ(y, z)) = α(µ(α(x), µ(y, z))) = α2(µ(x, µ(y, z))).
Similarly
µ2α(α(x), µ
2
α(y, z)) = µ(α
2(x), αµ(α(y), α(z))) = µ(α2(x), α2µ(y, z)) = α2(µ(x, µ(y, z))).
The triple (A, µ1α, α) and (A, µ
2
α, α) are Hom-associative algebras.
They are also Rota-Baxter algebras since
µ1α(R(x), R(y)) = µ(α(R(x)), R(y)) = α(µ(R(x), R(y))),
= α(R(µ(x,R(y)) + µ(R(x), y) + θµ(x, y))),
= R(µ(α(x), R(y)) + µ(α(R(x)), y) + θµ(α(x), y)),
= R(µ1α(x,R(y)) + µ
1
α(R(x), y) + θµ
1
α(x, y)).
and
µ2α(R(x), R(y)) = µ(α(R(x)), α(R(y))) = α(µ(R(x), α(R(y)))) = −α
2(µ(R(y), R(x))) = α2(µ(R(x), R(y))),
= α2(R(µ(x,R(y)) + µ(R(x), y) + θµ(x, y))),
= R(α(µ(α(x), R(y))) + α(µ(α(R(x)), y)) + θα(µ(α(x), y))),
= −R(α(µ(R(y), α(x))) + α(µ(y, α(R(x)))) + θα(µ(y, α(x)))),
= −R(µ(α(R(y)), α(x)) + µ(α(y), α(R(x))) + θµ(α(y), α(x))),
= R(µ2α(x,R(y) + µ
2
α(R(x), y) + θµ
2
α(x, y)).

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4. Some Functors
We show in this section that there is a functor from the category of Hom-associative Rota-Baxter algebras
to the category of Hom-preLie algebras and then a functor to the category of Hom-dendriform algebras
and Hom-tridendriform algebras.
Proposition 4.1. Let (A, ·, α,R) be a Hom-associative Rota-Baxter algebra where R is a Rota-Baxter
operator of weight 0. Assume that α and R commute. We define the operation ∗ on A by
(4.1) x ∗ y = R(x) · y − y ·R(x).
Then (A, ∗, α) is a Hom-preLie algebra.
Proof. For x, y ∈ A we have
α(x) ∗ (y ∗ z) = α(x) ∗ (R(y) · z − z · R(y)),
= R(α(x)) · (R(y) · z − z ·R(y))− (R(y) · z − z ·R(y)) ·R(α(x)),
= R(α(x)) · (R(y) · z)−R(α(x)) · (z · R(y))− (R(y) · z) ·R(α(x)) + (z · R(y)) · R(α(x)),
= α(R(x)) · (R(y) · z)− α(R(x)) · (z · R(y))− (R(y) · z) · α(R(x)) + (z · R(y)) · α(R(x)),
and
(x ∗ y) ∗ α(z) = (R(x) · y − y ·R(x)) ∗ α(z),
= R(R(x) · y − y ·R(x)) · α(z)− α(z) · R(R(x) · y − y ·R(x)),
= R(R(x) · y) · α(z)− (y · R(x)) · α(z)− α(z) · R(R(x) · y) + α(z) ·R(y · R(x)).
Then
α(x) ∗ (y ∗ z)− (x ∗ y) ∗ α(z)− α(y) ∗ (x ∗ z) + (y ∗ x) ∗ α(z) =
α(R(x)) · (R(y) · z)− α(R(x)) · (z ·R(y))− (R(y) · z) · α(R(x)) + (z ·R(y)) · α(R(x))
−R(R(x) · y) · α(z) +R(y · R(x)) · α(z) + α(z) · R(R(x) · y)− α(z) · R(y ·R(x))
−α(R(y)) · (R(x) · z) + α(R(y)) · (z ·R(x)) + (R(x) · z) · α(R(y))− (z · R(x)) · α(R(y))
+R(R(y) · x) · α(z)−R(x ·R(y)) · α(z)− α(z) · R(R(y) · x) + α(z) · R(x ·R(y)).
Using the Rota-Baxter identity 3.1 we gather the 5th and 14th, 6th and 13th, 7th and 16th, 8th and 15th
terms. Therefore we obtain
α(x) ∗ (y ∗ z)− (x ∗ y) ∗ α(z)− α(y) ∗ (x ∗ z) + (y ∗ x) ∗ α(z) =
α(R(x)) · (R(y) · z)− α(R(x)) · (z · R(y))− (R(y) · z) · α(R(x)) + (z · R(y)) · α(R(x))
−(R(x) ·R(y)) · α(z) + (R(y) ·R(x)) · α(z) + α(z) · (R(x) ·R(y))− α(z) · (R(y) ·R(x))
−α(R(y)) · (R(x) · z) + α(R(y)) · (z · R(x)) + (R(x) · z) · α(R(y)) − (z ·R(x)) · α(R(y)).
Then Hom-associativity leads to
α(x) ∗ (y ∗ z)− (x ∗ y) ∗ α(z)− α(y) ∗ (x ∗ z) + (y ∗ x) ∗ α(z) = 0.

Proposition 4.2. Let (A, ·, α,R) be a Hom-associative Rota-Baxter algebra where R is a Rota-Baxter
operator of weight −1. Assume that α and R commute. We define the operation ∗ on A by
(4.2) x ∗ y = R(x) · y − y ·R(x)− x · y.
Then (A, ∗, α) is a Hom-preLie algebra.
Proof. For x, y ∈ A we have
α(x) ∗ (y ∗ z) = R(α(x)) · (R(y) · z − z ·R(y)− y · z)− (R(y) · z − z · R(y)− y · z) ·R(α(x)),
− α(x) · (R(y) · z − z · R(y)− y · z),
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and
(x ∗ y) ∗ α(z) = R(R(x) · y − y · R(x)− x · y) · α(z)− α(z) ·R(R(x) · y − y · R(x)− x · y),
− (R(x) · y − y · R(x)− x · y) · α(z).
Then using the fact that α and R commute, and the Hom-associativity we obtain
α(x) ∗ (y ∗ z)− (x ∗ y) ∗ α(z)− α(y) ∗ (x ∗ z) + (y ∗ x) ∗ α(z) =
α(R(x)) · (R(y) · z) + (z · R(y)) · α(R(x)) −R(R(x) · y) · α(z) +R(y · R(x)) · α(z)
+α(z) ·R(R(x) · y)− α(z) ·R(y · R(x))− α(R(y)) · (R(x) · z)− (z · R(x)) · α(R(y))
+R(R(y) · x) · α(z)−R(x · R(y)) · α(z)− α(z) · R(R(y) · x) + α(z) · R(x ·R(y)).
Then it vanishes using the Rota-Baxter identity 3.1. 
Now we connect Hom-associative Rota-Baxter algebras to Hom-dendriform algebras. We generalize to
Hom-algebras setting, the result given by Aguiar for weight 0 Rota-Baxter algebras in [3] and extended
by Ebrahimi-Fard in [20] to any Rota-Baxter algebras.
Proposition 4.3. Let (A, ·, α,R) be a Hom-associative Rota-Baxter algebra where R is a Rota-Baxter
operator of weight 0. Assume that α and R commute. We define the operation ≺ and ≻ on A by
(4.3) x ≺ y = x · R(y) and x ≻ y = R(x) · y.
Then (A,≺,≻, α) is a Hom-dendriform algebra.
Proof. Let x, y, z ∈ A, we have by using Hom-associativity, identity (3.1) and the fact that α and R
commute:
(x ≺ y) ≺ α(z)− α(x) ≺ (y ≺ z + y ≻ z) = (x · R(y)) ·R(α(z))− α(x) · R(y ·R(z) +R(y) · z),
= (x · R(y)) · α(R(z))− α(R(x)) · (R(y) · R(z)),
= 0
(x ≻ y) ≺ α(z)− α(x) ≻ (y ≺ z) = (R(x) · y) · R(α(z))−R(α(x)) · (y ·R(z))
= (R(x) · y) · α(R(z))− α(R(x)) · (y ·R(z)),
= 0.
α(x) ≻ (y ≻ z)− (x ≺ y + x ≻ y) ≻ α(z) = R(α(x)) · (R(y) · z)−R(x · R(y) +R(x) · y) · α(z),
= α(R(x)) · (R(y) · z)− (R(x) ·R(y)) · α(z),
= 0.

Proposition 4.4. Let (A, ·, α,R) be a Hom-associative Rota-Baxter algebra where R is a Rota-Baxter
operator of weight θ. Assume that α and R commute. We define the operation ≺, ≻ and • on A by
(4.4) x ≺ y = x ·R(y) + θx · y, and x ≻ y = R(x) · y.
Then (A,≺,≻, •, α) is a Hom-dendriform algebra.
Proof. A straightforward calculation permits to check the axioms. For example
(x ≻ y) ≺ α(z)− α(x) ≻ (y ≺ z) = (R(x) · y) ≺ α(z)− α(x) ≻ (y ·R(z) + θy · z),
= (R(x) · y) · R(α(z)) + θ(R(x) · y) · α(z)−R(α(x)) · (y ·R(z) + θy · z),
= 0.

Remark 4.5. Proposition 4.1 could be obtained as a corollary of Proposition 4.3 and Proposition 2.6
which leads to a construction of right Hom-preLie algebra with the following multiplication
x⊳ y = x ·R(y)−R(y) · x.
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Considering the associated categories and denoting by HRBassθ the category of Hom-associative Rota-
Baxter algebras, HpreLie the category of preLie algebras and Hdend the category of Hom-dendriform
algebras, we summarize the previous results in the following proposition
Proposition 4.6. The following diagram is commutative
Hdend → HpreLie
↓ ↓
HRBass0 → HpreLie
We show now a connection between Hom-associative Rota-Baxter algebras and Hom-tridendriform alge-
bras. The classical case was stated in [20].
Proposition 4.7. Let (A, ·, α,R) be a Hom-associative Rota-Baxter algebra where R is a Rota-Baxter
operator of weight θ. Assume that α and R commute. We define the operation ≺, ≻ and • on A by
(4.5) x ≺ y = x · R(y), x ≻ y = R(x) · y and x • y = θx · y.
Then (A,≺,≻, •, α) is a Hom-tridendriform algebra.
Proof. The first three axioms follow from Proposition 4.4 and the last use Hom-associativity and the
commutation between R and α. For example
(x ≺ y) • α(z)− α(x) • (y ≻ z) = θ(x · R(y)) · α(z)− θα(x) · (R(y) · z) = 0.

Following Proposition 2.11, we derive a new Hom-associative multiplication defined by
x ∗ y = x ·R(y) +R(x) · y + θx · y.
As in the classical case it satisfies
R(x ∗ y) = R(x) ·R(y) and R˜(x ∗ y) = −R˜(x) · R˜(y)
where R˜(x) = −θx−R(x).
5. Rota-Baxter operators and Hom-Nonassociative algebras
Rota-Baxter operator in the context of Lie algebras were introduced independently by Belavin and Drin-
feld and Semenov-Tian-Shansky [9, 58] in the 1980th and were related to solutions of the (modified)
classical Yang-Baxter equation. The theory were developed later by Ebrahimi-Fard see [20].
We may extend the theory of Hom-associative Rota-Baxter algebras developed above to any Hom-
Nonassociative algebra. We set the following definition
Definition 5.1. A Hom-Nonassociative Rota-Baxter algebra is a Hom-Nonassociative algebra (A, [ , ], α)
endowed with a linear map R : A→ A subject to the relation
(5.1) [R(x), R(y)] = R([R(x), y] + [x,R(y)] + θ[x, y]),
where θ ∈ K.
The map R is called Rota-Baxter operator of weight θ.
We obtain the following construction by composition of Hom-Lie Rota-Baxter algebras, extending the
construction of Hom-Lie algebras given by Yau in [62] to Rota-Baxter algebras.
Theorem 5.2. Let (g, [ , ], R) be a Lie Rota-Baxter algebra and α : g→ g be a Lie algebra endomorphism
commuting with R. Then (g, [ , ]α, α,R), where [ , ]α = α ◦ [ , ], is a Hom-Lie Rota-Baxter algebra.
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Proof. Observe that [α(x), [y, z]α]α = α[α(x), α[y, z]] = α
2[x, [y, z]]. Therefore the Hom-Jacobi identity
for gα = (g, [ , ]α, α) follows obviously from the Jacobi identity of (g, [ , ]). The skew-symmetry is proved
similarly.
Now we check that R is still a Rota-Baxter operator for the Hom-Lie algebra.
[R(x), R(y)]α = α[R(x), R(y)],
= α(R([R(x), y] + [x,R(y)] + θ[x, y])),
= α(R([R(x), y])) + α(R([x,R(y)])) + α(R(θ[x, y])).
Since α and R commute then
[R(x), R(y)]α = R(α([R(x), y])) +R(α([x,R(y)])) +R(α(θ[x, y])),
= R([R(x), y]α + [x,R(y)]α + θ[x, y]α).

Remark 5.3. In particular the proposition is valid when α is an involution.
Let (g, [ , ], α) be a Hom-Lie algebra. It was observed in [29] that in case α is invertible, the composition
method using α−1 leads to a Lie algebra.
Proposition 5.4. Let (g, [ , ], α,R) be a Hom-Lie Rota-Baxter algebra such that α and R commute.
Then (g, [ , ]α−1 = α
−1 ◦ [ , ], R) is a Lie Rota-Baxter algebra.
Proof. The Jacobi identity follows from
	x,y,z [x, [y, z]α−1 ]α−1 =	x,y,z α
−1([x, α−1([y, z])]) =	x,y,z α
−2[α(x), [y, z]] = 0.
Since α and R commute then α−1 and R commute as well. Hence R is a Rota-Baxter operator for the
new multiplication. 
We construct now new Hom-Lie Rota Baxter algebras from a given multiplicative Hom-Lie Rota-Baxter
algebra using nth derived Hom-Lie algebras.
Definition 5.5 ([67]). Let (g, [ , ], α) be a multiplicative Hom-Lie algebra and n ≥ 0. The nth derived
Hom-algebra of g is defined by
(5.2) g(n) =
(
g, [ , ](n) = αn ◦ [ , ], αn+1
)
,
Note that g(0) = g and g(1) =
(
g, [ , ](1) = α ◦ [ , ], α2
)
.
Observe that for n ≥ 1 and x, y, z ∈ g we have
[[x, y](n), αn+1(z)](n) = αn([αn([x, y]), αn+1(z)])
= α2n([[x, y], α(z)]).
Theorem 5.6. Let (g, [ , ], α,R) be a multiplicative Hom-Lie Rota-Baxter algebra and assume that α
and R commute. Then its nth derived Hom-algebra is a Hom-Lie Rota-Baxter algebra.
Proof. The nth derived Hom-algebra is a Hom-Lie algebra according to [67].
It is also a Rota-Baxter algebra since
αn([R(x), R(y)]) = αn(R([x,R(y)]) +R([R(x), y]) + λR([x, y])).

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In the following we construct Hom-Lie Rota-Baxter algebras involving elements of the centroid of Lie
Rota-Baxter algebras. Let (g, [·, ·], R) be a Lie Rota-Baxter algebra. An endomorphism α ∈ End(g) is
said to be an element of the centroid if α[x, y] = [α(x), y] for any x, y ∈ g. The centroid is defined by
Cent(g) = {α ∈ End(g) : α[x, y] = [α(x), y], ∀x, y ∈ g}.
The same definition of the centroid is assumed for Hom-Lie Rota-Baxter algebra.
Proposition 5.7. Let (g, [·, ·], R) be a Lie Rota-Baxter algebra where R is a Rota-Baxter operator of
weight θ. Let α ∈ Cent(g) and set for x, y ∈ g
[x, y]1α = [α(x), y] and [x, y]
2
α = [α(x), α(y)].
Assume that α and R commute. Then (g, [·, ·]1α, α,R) and (g, [·, ·]
2
α, α,R) are Hom-Lie Rota-Baxter alge-
bras.
Proof. The triple (g, [·, ·]1α, α,R) and (g, [·, ·]
2
α, α,R) are Hom-Lie algebras according to [10, Proposition
1.12].
They are also Rota-Baxter algebras since
[R(x), R(y)]1α = [α(R(x)), R(y)] = α([R(x), R(y)]),
= α(R([x,R(y)] + [R(x), y] + θ[x, y])),
= R([α(x), R(y)] + [α(R(x)), y] + θ[α(x), y]),
= R([x,R(y)]1α + [R(x), y]
1
α + θ[x, y]
1
α).
and
[R(x), R(y)]2α = [α(R(x)), α(R(y))] = α([R(x), α(R(y))]) = −α
2([R(y), R(x)]) = α2([R(x), R(y)]),
= α2(R([x,R(y)] + [R(x), y] + θ[x, y])),
= R(α([α(x), R(y)]) + α([α(R(x)), y]) + θα([α(x), y])),
= −R(α([R(y), α(x)]) + α([y, α(R(x))]) + θα([y, α(x)])),
= −R([α(R(y)), α(x)] + [α(y), α(R(x))] + θ[α(y), α(x)]),
= R([x,R(y)]2α + [R(x), y]
2
α + θ[x, y]
2
α).

We may obtain similar connections to Hom-preLie and Hom-dendriform algebras as for Hom-associative
algebras for example we have
Proposition 5.8. Let (A, [ , ], α,R) be a Hom-Lie Rota-Baxter algebra where R is a Rota-Baxter operator
of weight 0. Assume that α and R commute. We define the operation ∗ on A by
(5.3) x ∗ y = [R(x), y].
Then (A, ∗, α) is a Hom-preLie algebra.
Remark 5.9. The connection between Rota-Baxter Hom-algebras and Yang-Baxter equation will be de-
veloped in a forthcoming paper, as well as free Hom-associative Rota-Baxter algebra.
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